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INTRODUCTION SUMMARY OF RESUILTS RESULTS IN ACTION

e We consider configurations of points in P! x P! 1. Same # of points on each ruling —s VCI If | X| < mn,m = 4,n = 4, the only VCI configurations are as shown:

e While free resolutions are standard, virtual resolutions better convey 2. When | X| < mn, restrictions on what VCIs must look like e By Cross Point Condition, m and n points share
geometry no coordinates

e Cross Point Condition

e We look for configurations with the simplest virtual resolutions, a e By GCD condition, | X | is 8 or 12

" " e Number Theoretic Results
Koszul Complex 9o

e f has degree (4,4) and ¢ contains vertical and

: 8-point VCI .
3. Actual values of the coordinates can affect VCI, too. point horizontal form

PRELIMINARIES
S CONDITION o If | X| =12 = 4c¢ + 4d, rest of g must be (1,0) or
e The biprojective space P! x P! is the set UFFICIENT (0,1) form

If X has the same number (n) of points in each vertical (or each horizon-
tal) ruling, it is a VCI.

{((ao,a1), (bo,b1)) € C* x C2\(ao,al),(bo,bl)sé(O,O)}/N e Each such form must have 4 points of X

4 ® *—0—

r ~y <= x=\y, where z,y € P, \ € C". e [ vertical rulings each having n points 1:7. IVJI
0] [0:1] [1: - deg(f) = (n, < n), “poin
[1:0] [0:1] [1:1] x Each ruling represents a copy of P! ’
L1 o b deg(g) = (0, k). . -
2 .
' [0:1] * 27-Graded Coxring: Cl1, 22,31, 1] e Proof idea: Use Lagrangian interpolation OORDINATE DEPENDENCE

[a:1] [b:1] [¢’:1] [d:1]

o a:1 : : .. : .
Configuration not sufficient to determine minimal

b:1] free resolution; depends on whether four points

1:1] ¥ deg(z;) = (1,0) and deg(y;) = (0,1)

x Varieties: zero locus of homogeneous polynomials

e Irrelevant ideal: B = (xp,x1) N (yo,y1) «— V(B) =) NECESSARY CONDITIONS WHEN ‘ X | <MN 1 have the same cross ratio in both copies of Pl
I . . If | X| < mn, and 4 a point in X on a horizontal ruling /; with m points l B B b NG
o {V(I)# Q)};Vi{radlcal homogeneous B-saturated ideals C S} and vertical ruling [, with n points, then X is not a VCI. 1 (c—a)(d—b) — (¢ —a)(d —b)

(d—a)(c—0b) (d—da)(c—1)

e A virtual resolution for an ideal T in P! x P! is a free complex: Proof idea: False Conjecture: Configuration is sufficient to determine VClIs.

X =V(f)nV(g), then it must be the case: Counterexample:

0+— T S & &Ry & .
), and g contains /; and [o;

im(pit1)/ =
im(p;) : B> =1:B*>. tradicts Bigraded Bézout’s Theorem.

| : ker(p;) [
such that F; are free modules for i > 0, ann (-~ ) D B', and . The intersection of V(f) and V(g)\ {i1, s} con-

e Anideal I of points in P! x P! is a virtual complete intersection (VCI)
if I has a virtual resolution that is a Koszul complex. MORE NECESSARY CONDITIONS 1), (1, 1)

e In particular, 7 will have a virtual resolution of the form Let X be a VCI with | X| < mn. ¢ (0,0)
0+— I +— S+ S(—a,—b)®S(—c,—d) «— S(—a—c,—b—d) +— 0 e f has degree (m,n) and g has vertical and horizontal components ex- [n general, not a VCI. Red:(2,1); Blue:(2,2).
actly on rulings with m and n points
e Geometrically, V(I) = V(f) NV (g), where f, g are homogeneous e scd(m,n) divides | X| REFERENCES

e Bigraded Bézout’s Theorem: If f and ¢ are in general position of o If ccd(m.n) — 1: o has decree: [1] C Berkesch Zamaere, D E.rman, and G. G. Smith. .Virtual Resolu-
multidegree (a, b) and (¢, d) respectively, then |V (f) NV (g)| = ad + bc ged(m, n) - g gree. tions for a Product of Projective Spaces. Mar. 2017. arXiv: 1703.07631

counting multiplicities. (n=Y1X| modm, m~YX| mod n) [math.AC].
[2] E. Guardo and A. Van Tuyl. Arithmetically Cohen-Macaulay sets of

Proof idea: Chicken McNugget Theorem. points in P! x P'. New York, NY: Springer Science+Business Media,
QUESTION 2015.

Let X be a finite set of points in P! x P!. Determine whether X is a VCI CLASSIFICATION FOR TWO RULING CASE [3] 1. Peeva. Graded Syzygies. en. London: Springer London, 2011.
based on combinatorial properties of X.

If all points lie on two horizontal (resp. vertical) rulings, they form a VCI

e Let m (resp. n) be the maximum number of points on a single hori- if and only if one of the following holds: ACKNOWLEDGEMENTS
zontal (resp. vertical) ruling.
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