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@ Combinatorially explicitly defined
o Geometrically beautiful

@ Related to Total Positivity, Kazhdan-Lusztig Polynomials...
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Outline

Background: Quantum Cohomology

Quantum Bruhat Graphs

Tilted Richardson varieties

Tilted Deodhar decomposition
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Quantum Cohomology of Flag Varieties

Let F1, = GL,(C)/B be the complete flag variety over C.
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Quantum Cohomology of Flag Varieties

Let F1, = GL,(C)/B be the complete flag variety over C.

The cohomology ring H*(F1,) has an Z-basis given by Schubert classes
{ow : w € S}, where o, is the cohomology class of Schubert variety X, .
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Quantum Cohomology of Flag Varieties

Let F1, = GL,(C)/B be the complete flag variety over C.

The cohomology ring H*(F1,) has an Z-basis given by Schubert classes
{ow : w € S}, where o, is the cohomology class of Schubert variety X, .

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - - ., qn-1]
has an Z[q]-basis given by Schubert classes {o, : w € S, }.

[Givental-Kim '95, Ciocan-Fontani '95, Fomin-Gelfand-Postnikov '97]
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Quantum Cohomology of Flag Varieties

Let F1, = GL,(C)/B be the complete flag variety over C.

The cohomology ring H*(F1,) has an Z-basis given by Schubert classes
{ow : w € S}, where o, is the cohomology class of Schubert variety X, .

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - - ., qn-1]
has an Z[q]-basis given by Schubert classes {o, : w € S, }.

[Givental-Kim '95, Ciocan-Fontani '95, Fomin-Gelfand-Postnikov '97]

When g1 = -+ = gn—1 = 0, we recover H*(F1,).
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Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - . ., gn-1]
is generated by Schubert classes {0, : w € S,,}.
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Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - . ., gn-1]
is generated by Schubert classes {0, : w € S,,}.

We are interested in understanding products:
d _d
Oy*x0y = Z CZVV q ow

where d = (di,...,d,_1) € Z’;O and q¢ q{’l---qg":f.
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Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - . ., gn-1]
is generated by Schubert classes {0, : w € S,,}.

We are interested in understanding products:
d _d
Oy*x0y = Z CZVV q ow

where d = (di,...,d,_1) € Z’;O and q¢ q{’l---qg":f.

@ What weights g9 appear in o, * 0,7 What is the minimal g%min?

@ If g9 appears, what is [q%]o, x 0, € H*(F1,)?
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Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z|q1, - -

) qn—l]
is generated by Schubert classes {0, : w € S,,}.

We are interested in understanding products:
d _d
Oy*x0y = ZCZ\:;/ q ow
w,d
where d = (di,...,d,_1) € 225" and ¢ := g - - qg”:f.

@ What weights g9 appear in o, * 0,7 What is the minimal g%min?
Known [Fulton-Woodward '04, Postnikov '05, Buch-Chung-Li-Mihalcea '20]

@ If g9 appears, what is [q%]o, * 0, € H*(F1,)?
Geometric but not combinatorial! [Buch-Chaput-Mihalcea-Perrin '13]
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Quantum Bruhat Graph

Postnikov ('05) related all quantum degrees g appearing in o, * Gy, to
weights of paths on the quantum Bruhat graph.
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Quantum Bruhat Graph

Postnikov ('05) related all quantum degrees g appearing in o, * Gy, to
weights of paths on the quantum Bruhat graph.
Definition (Brenti-Fomin-Postnikov '99)

The quantum Bruhat graph I, is a weighted directed graph on S, with
the following two types of edges:
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Quantum Bruhat Graph

Postnikov ('05) related all quantum degrees g appearing in o, * Gy, to
weights of paths on the quantum Bruhat graph.
Definition (Brenti-Fomin-Postnikov '99)

The quantum Bruhat graph I, is a weighted directed graph on S, with
the following two types of edges:

@ Strong Bruhat edges: w — wt;; of weight 1
if w; < w; and #'s in between are not in between

(e.g. 43271865 - 43671825)
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Quantum Bruhat Graph

Postnikov ('05) related all quantum degrees g appearing in o, * Gy, to
weights of paths on the quantum Bruhat graph.

Definition (Brenti-Fomin-Postnikov '99)
The quantum Bruhat graph I, is a weighted directed graph on S, with
the following two types of edges:
@ Strong Bruhat edges: w — wt;; of weight 1
if w; < w; and #'s in between are not in between
(e.g. 43271865 - 43671825)
@ Quantum edges: w — wt;j; of weight g;j := g;--- qj—1
if w; > w; and #'s in between are all in between
(e.g. 18753246 2%, 18253746)
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Quantum Bruhat Graph

Example (Quantum Bruhat graph I'3)
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Combinatorial Properties of ',

Theorem (Postnikov '05)

For u,v € S,, all shortest paths u — v in T, have the same weight q%min.
Such qmin js the unique minimal q9 that appears in oy, * Tgv-

Jiyang Gao (Harvard) Tilted Richardson Varieties Apr 2024 8/27



Combinatorial Properties of I,

Theorem (Postnikov '05)

For u,v € S,, all shortest paths u — v in T, have the same weight q%min.
Such qmin js the unique minimal q9 that appears in oy, * Tgv-

Example (All shortest paths from
u=231to v =123)

v =123

ql// \<1qz

213 321 g%

2

u=231

in — q1q2

v
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Combinatorial Properties of I,

Theorem (Postnikov '05)

For u,v € S,, all shortest paths u — v in T, have the same weight q%min.
Such qmin js the unique minimal q9 that appears in oy, * Tgv-

Example (All shortest paths from _

_ . The collection of all shortest paths
u=231to v =123) .
u — v form a poset called the tilted
v =123 Bruhat interval [u, v],.

q q1G2
It is a graded poset with minimum

213 321 g% = qiqp | 0= uand maximum 1 =v.

2

u=231

v
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Curve Neighbourhoods (alert: geometry!!l)

Buch-Chaput-Mihalcea-Perrin ('13) related [¢9]oy * 0w,y € H*(F1,) to the
cohomology class of a certain subvariety in Fl,,.
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Curve Neighbourhoods (alert: geometry!!l)

Buch-Chaput-Mihalcea-Perrin ('13) related [¢9]oy * 0w,y € H*(F1,) to the
cohomology class of a certain subvariety in Fl,,.

Definition (Buch-Chaput-Mihalcea-Perrin '13)

For u,v € S,,, and degree d = (d, ..., dp,—1) the two-pointed curve
neighborhood I ;( X", X, ) is the union of all degree d rational curves that
passes through both Schubert varieties X" and X, in Fl,.
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Curve Neighbourhoods (alert: geometry!!l)

Buch-Chaput-Mihalcea-Perrin ('13) related [¢9]oy * 0w,y € H*(F1,) to the
cohomology class of a certain subvariety in Fl,,.

Definition (Buch-Chaput-Mihalcea-Perrin '13)

For u,v € S,,, and degree d = (d, ..., dp,—1) the two-pointed curve
neighborhood I ;( X", X, ) is the union of all degree d rational curves that
passes through both Schubert varieties X" and X, in Fl,.

Fact: When g9 appears in o, * Owyv, We have:

1 *
[Fg(XY, X,)] = E[qd]au * Oy € H*(F1,),

for some ¢ € Z~y.
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Curve Neighbourhoods

@ In the Grassmannian, the curve neighborhoods are positroid varieties
[Knutson-Lam-Speyer '13];

@ In cominuscule G/P, they are projected Richardson varieties
[Buch-Chaput-Mihalcea-Perrin '18].
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Curve Neighbourhoods

@ In the Grassmannian, the curve neighborhoods are positroid varieties
[Knutson-Lam-Speyer '13];

@ In cominuscule G/P, they are projected Richardson varieties
[Buch-Chaput-Mihalcea-Perrin '18].

In the complete flag variety,
@ Ifd=(0,...,0), Ng(X", X,) =Ry(:= X"NX,) is the Richardson variety;
e Ifd=(0,...,0,1,0,...), then ['4(X", X,) is a Richardson variety [L-M'13];
o If u=id, then [y(X", X,) = X,(q) is a Schubert variety [B-M'15];
o 4(XY X,) is empty unless d > dyin coordinate-wise [F-W'04].
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Curve Neighbourhoods

@ In the Grassmannian, the curve neighborhoods are positroid varieties
[Knutson-Lam-Speyer '13];

@ In cominuscule G/P, they are projected Richardson varieties
[Buch-Chaput-Mihalcea-Perrin '18].

In the complete flag variety,
@ Ifd=(0,...,0), Ng(X", X,) =Ry(:= X"NX,) is the Richardson variety;
e Ifd=(0,...,0,1,0,...), then ['4(X", X,) is a Richardson variety [L-M'13];
o If u=id, then [y(X", X,) = X,(q) is a Schubert variety [B-M'15];
o 4(XY X,) is empty unless d > dyin coordinate-wise [F-W'04].

Motivating Q: Is there a combinatorial description for I';(X", X,)?

When d = dpyjn, = Tilted Richardson Varieties
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (a1, ...,a,-1) € [n]""1, we define the
tilted Richardson variety/cell 7,,, (and 7, ,) in Fl, as follows.

;V,a
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (a1, ...,a,-1) € [n]""1, we define the
tilted Richardson variety/cell 7,, 4 (and 77, ,) in Fl, as follows.

Consider u = 4321(+),
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (a1, ...,a,-1) € [n]""1, we define the
tilted Richardson variety/cell 7,,, (and 7, ,) in Fl, as follows.

;V,a

Consider u = 4321(+), v = 3142(e),
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (a1, ...,a,-1) € [n]""1, we define the
tilted Richardson variety/cell 7,,, (and 7, ,) in Fl, as follows.

;V,a

Consider u = 4321(+), v = 3142(e), and a = (4,2,2)(—).
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (ay,...,a,_1) € [n]""1, we define the
tilted Richardson variety/cell 7, ,, (and 7, ,) in Fl, as follows.

u,v,a

Consider u = 4321(+), v = 3142(e), and a = (4,2,2)(—).
Rank conditions in the left k columns for each k € {1,2,3}. When k = 2:

Start from the row below red line and go down:

° 1
e |2
M =
° 3
° 4
k=2
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (ay,...,a,_1) € [n]""1, we define the
tilted Richardson variety/cell 7, ,, (and 7, ,) in Fl, as follows.

u,v,a

Consider u = 4321(+), v = 3142(e), and a = (4,2,2)(—).
Rank conditions in the left k columns for each k € {1,2,3}. When k = 2:

Start from the row below red line and go down:

° 1
M ° |2 rank of green
T e 3 < #+'singreen =0
° 4
k=2
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (ay,...,a,_1) € [n]""1, we define the
tilted Richardson variety/cell 7, ,, (and 7, ,) in Fl, as follows.

u,v,a

Consider u = 4321(+), v = 3142(e), and a = (4,2,2)(—).
Rank conditions in the left k columns for each k € {1,2,3}. When k = 2:

Start from the row below red line and go down:

° 1
M ° |2 rank of green
T le 3 < #x'singreen =1
° 4
k=2
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (ay,...,a,_1) € [n]""1, we define the
tilted Richardson variety/cell 7, ,, (and 7, ,) in Fl, as follows.

u,v,a

Consider u = 4321(+), v = 3142(e), and a = (4,2,2)(—).
Rank conditions in the left k columns for each k € {1,2,3}. When k = 2:

Start from the row below red line and go down:

° 1
M ° |2 rank of green
T le 3 < #+'sin green =2
° 4
k=2
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (ay,...,a,_1) € [n]""1, we define the
tilted Richardson variety/cell 7, ,, (and 7, ,) in Fl, as follows.

u,v,a

Consider u = 4321(+), v = 3142(e), and a = (4,2,2)(—).
Rank conditions in the left k columns for each k € {1,2,3}. When k = 2:

Start from the row above red line and go up:

° 1
M — ° |2 rank of yellow
Tl e 3 < #e'sin yellow =1
° 4
k=2
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (ay,...,a,_1) € [n]""1, we define the
tilted Richardson variety/cell 7, ,, (and 7, ,) in Fl, as follows.

u,v,a

Consider u = 4321(+), v = 3142(e), and a = (4,2,2)(—).
Rank conditions in the left k columns for each k € {1,2,3}. When k = 2:

Start from the row above red line and go up (cyclically):

° 1
M — ® |2 rank of yellow
T e 3 < #e'sin yellow =1
° 4
k=2
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (ay,...,a,_1) € [n]""1, we define the
tilted Richardson variety/cell 7, ,, (and 7, ,) in Fl, as follows.

u,v,a

Consider u = 4321(+), v = 3142(e), and a = (4,2,2)(—).
Rank conditions in the left k columns for each k € {1,2,3}. When k = 2:

Start from the row above red line and go up (cyclically):

° 1
M — ® |2 rank of yellow
T | e 3 < #e'sin yellow =2
° 4
k=2
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Tilted Richardson Varieties

For u,v € S, and a sequence a = (ay,...,a,_1) € [n]""1, we define the
tilted Richardson variety/cell 7, , , (and 77}’7\,73) in Fl, as follows.

Consider u = 4321(+), v = 3142(e), and a = (4,2,2)(—).
Rank conditions in the left k columns for each k € {1,2,3}. When k = 2:

Start from the row above red line and go up (cyclically):

. 1
M — ® |2 rank of yellow
T | e 3 < #e'sin yellow =2
. 4
k=2
Replacing “<" with “=" gives us rank conditions for 7, ,.
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Tilted Richardson Varieties

We defined 7,,,.a as a closed subvariety of Fl,, and ’77,07\,73 C Tuv,a asan
open subset. However, sometimes 7, v a (and 77, ,) are empty.
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Tilted Richardson Varieties

We defined 7,,,.a as a closed subvariety of Fl,, and ’77,07\,73 C Tuv,a asan
open subset. However, sometimes 7, v a (and 77, ,) are empty.

Theorem (G.-Gao-Gao '23)
For u,v € S, the variety T, ya (and T3, a)

e is nonempty iff u <, v (an explicit combinatorial criterion);
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Tilted Richardson Varieties

We defined 7,,,.a as a closed subvariety of Fl,, and ’77,07\,73 C Tuv,a asan
open subset. However, sometimes 7, v a (and 77, ,) are empty.

Theorem (G.-Gao-Gao '23)
For u,v € S, the variety T, ya (and T3, a)

e is nonempty iff u <, v (an explicit combinatorial criterion);

@ has at least one choice of a that makes it nonempty;
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Tilted Richardson Varieties

We defined 7,,,.a as a closed subvariety of Fl,, and ’77,07\,73 C Tuv,a asan
open subset. However, sometimes 7, v a (and 77, ,) are empty.

Theorem (G.-Gao-Gao '23)
For u,v € S, the variety T, ya (and T3, a)

e is nonempty iff u <, v (an explicit combinatorial criterion);

@ has at least one choice of a that makes it nonempty;

@ is independent of a when it is nonempty.
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Tilted Richardson Varieties

We defined 7,,,.a as a closed subvariety of Fl,, and ’77,07\,73 C Tuv,a asan
open subset. However, sometimes 7, v a (and 77, ,) are empty.
Theorem (G.-Gao-Gao '23)
For u,v € S, the variety T, ya (and T3, a)
e is nonempty iff u <, v (an explicit combinatorial criterion);
@ has at least one choice of a that makes it nonempty;

@ is independent of a when it is nonempty.

Therefore, we denote this nonempty space as Ty, (and T, ).
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Tilted Richardson Varieties

We defined 7,,,.a as a closed subvariety of Fl,, and ’77107\,73 C Tuv,a asan
open subset. However, sometimes 7, v a (and 77, ,) are empty.

Theorem (G.-Gao-Gao '23)
For u,v € S, the variety T, ya (and T3, a)
e is nonempty iff u <, v (an explicit combinatorial criterion);

@ has at least one choice of a that makes it nonempty;

@ is independent of a when it is nonempty.

Therefore, we denote this nonempty space as Ty, (and T, ).

Note: If u < v in Bruhat order, 7,, = R, is the Richardson variety,
Tsv = Ry, is the Richardson cell.
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Main Theorem

Theorem (G.-Gao-Gao '23 '24+)
o (Torus fixed points) A T-fixed point wB € T, <= w € [u, V],
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Main Theorem

Theorem (G.-Gao-Gao '23 '24+)
o (Torus fixed points) A T-fixed point wB € T, <= w € [u, V],

o (Dimension) T, and T, are equi-dimensional of dim ((u, v),
here {(u, v) := length of the shortest path u — v in [,
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Main Theorem

Theorem (G.-Gao-Gao '23 '24+)
o (Torus fixed points) A T-fixed point wB € T, <= w € [u, V],

o (Dimension) T, and T, are equi-dimensional of dim ((u, v),
here {(u, v) := length of the shortest path u — v in [,

o (Stratification) Tu,y = |jxyj,cluv), Txy and Tuv = T2y,
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Main Theorem

Theorem (G.-Gao-Gao '23 '24+)
o (Torus fixed points) A T-fixed point wB € T, <= w € [u,v]q,

o (Dimension) T, and T, are equi-dimensional of dim ((u, v),
here ¢(u,v) := length of the shortest path u — v in T,

o (Stratification) Tuy =[x y1.cluni, Txy @and Tuy = T2y,
o (Irreducibility) Ty, is irreducible,
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Main Theorem

Theorem (G.-Gao-Gao '23 '24+)
o (Torus fixed points) A T-fixed point wB € T, <= w € [u,v]q,

o (Dimension) T, and T, are equi-dimensional of dim ((u, v),
here ¢(u,v) := length of the shortest path u — v in T,

o (Stratification) Tu.y = [px . cluv, Ty 2nd Tuy = T2y,
o (Irreducibility) Ty, is irreducible,
® T, is the curve neighbourhood I'y . (X", X,),
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Main Theorem

Theorem (G.-Gao-Gao '23 '24+)
o (Torus fixed points) A T-fixed point wB € T, <= w € [u,v]q,

o (Dimension) T, and T, are equi-dimensional of dim ((u, v),
here ¢(u,v) := length of the shortest path u — v in T,

o (Stratification) Tu.y = [px . cluv, Ty 2nd Tuy = T2y,

o (Irreducibility) Ty, is irreducible,

® T, is the curve neighbourhood I'y . (X", X,),

o [Tuv] = [T4,, (XY X,)] = [q9mir)oy * Twew € H*(F1,) (ie. c=1).
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Main Theorem

Theorem (G.-Gao-Gao '23 '24+)
o (Torus fixed points) A T-fixed point wB € T, <= w € [u,v]q,

o (Dimension) T, and T, are equi-dimensional of dim ((u, v),
here ¢(u,v) := length of the shortest path u — v in T,

(Stratification) Tu,w = L 1. cun], Ty and Tuy = T2y,
(Irreducibility) T, is irreducible, <= Deodhar decomposition

Tu,v is the curve neighbourhood Iy . (XY, X,),< (*)

[Tou] = [T (XY, X0)] = [q9m] 0y * Owew € H*(FL,) (ie. ¢ =1).

Proof idea for (x):

@ First show that both varieties have same set of T-fixed points [u, v]q;

@ Then show that 7, is the largest T-fixed variety with T-fixed points [u, v]q,
SO 771,v 2 rdmin(Xuaxv);

© Finally, both varieties have the same dimension and 7, , is irreducible.
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Jiyang Gao (Harvard)

A summary

’ Classical

Quantum

A (FL,)

QH*(F1,)

(Strong) Bruhat Order S,

Quantum Bruhat Graph ',

Bruhat Interval [u, v]

Tilted Bruhat Interval [u, v],

Schubert Variety X,

Richardson Variety R, /RS,

Tilted Richardson 7., /75,

Deodhar Decomposition of Rj ,

Deodhar Decomposition of 77,0‘,

Totally Nonneagtive part Rﬁ?,

: 0
Totally Nonneagtive part 7,

R polynomial

Tilted R polynomial

Tilted Richardson Varieties

Apr 2024
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Deodhar decomposition

Motivation: Given a pair of permutations v < v, the Kazhdan-Lusztig R

polynomial in variable g is defined as the [Fg-point count of the
Richardson cell R}, ,:

Ru,v(q) = #RZ,V(FQ)'

They are elementary pieces used to construct the Kazhdan-Lusztig

polynomials P, ,(q), which plays a fundamental role in representation
theory.
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Deodhar decomposition

Motivation: Given a pair of permutations v < v, the Kazhdan-Lusztig R
polynomial in variable g is defined as the [Fg-point count of the
Richardson cell Rj, ,

Ru,v(q) = #RZ,V(FQ)'

They are elementary pieces used to construct the Kazhdan-Lusztig
polynomials P, ,(q), which plays a fundamental role in representation
theory.

Main idea: In order to understand R, ,(q), Deodhar ('85) introduced

Deodhar decomposition, which decomposes the Richardson cell R}, ,
into simple pieces that are isomorphic to C? x (C*)®.

|_|C3 C) = Ruv(@) = ¢’(q—
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Deodhar decomposition

Theorem (Deodhar '85, Marsh-Rietsch '03)

The Richardson cell Ry, ,, can be decomposed into Deodhar cells D, :

Royv = |_| D, where each D, = (C*)p(a) % C9(@)

Each Deodhar cell D, can be explicitly parametrized by products of
elementary matrices y;(p), x;(m) and §;.
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Deodhar decomposition

Theorem (Deodhar '85, Marsh-Rietsch '03)

The Richardson cell R°

u,v

can be decomposed into Deodhar cells D, :

Royv = |_| D, where each D, = (C*)P(®) x C9()

Each Deodhar cell D, can be explicitly parametrized by products of
elementary matrices y;(p), xi(m) and §;.

Theorem (G.-Gao-Gao '24+)

The tilted Richardson cell T, can be decomposed into tilted Deodhar
cells Dy that are explicitly parametrizable:

7710,‘, = |_| Dg, where each Dg = ((c*)p(ﬂ) % C9(8)
B
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Proof of irreducibility
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Proof of irreducibility

Theorem (G.-Gao-Gao '24+)

In the Deodhar decomposition of T, = | | 3 Dg, there exists a unique
tilted Deodhar cell of maximal dimension Dg, = (C*)X“), and all
other cells Dg have dimension < {(u, v).
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Proof of irreducibility

Theorem (G.-Gao-Gao '24+)

In the Deodhar decomposition of T, = | | 3 Dg, there exists a unique

tilted Deodhar cell of maximal dimension Dg, = (C*)X“), and all
other cells Dg have dimension < {(u, v).

Theorem above + dim( T, ,) = ¢(u, v) equi-dimensional =

Corollary (G.-Gao-Gao '24+)

Tu,v is irreducible, and Dg, C Ty, is a dense subset.
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Total Positivity
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Total Positivity

Theorem (Bjorner '84, Dyer '93)

If a poset is thin and EL-shellable, then the poset is the face poset of a
regular CW-complex.

Theorem (Brenti-Fomin-Postnikov '99)

The tilted Bruhat interval [u, v]q is thin and EL-shellable.
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Total Positivity

Theorem (Bjorner '84, Dyer '93)

If a poset is thin and EL-shellable, then the poset is the face poset of a
regular CW-complex.

Theorem (Brenti-Fomin-Postnikov '99)

The tilted Bruhat interval [u, v]q is thin and EL-shellable.

Q: Can one find a natural realization of such CW-complex?
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Total Positivity

Theorem (Bjorner '84, Dyer '93)

If a poset is thin and EL-shellable, then the poset is the face poset of a
regular CW-complex.

Theorem (Brenti-Fomin-Postnikov '99)

The tilted Bruhat interval [u, v]q is thin and EL-shellable.

Q: Can one find a natural realization of such CW-complex?

= Total Nonnegative part of T, ,

Jiyang Gao (Harvard) Tilted Richardson Varieties

Apr 2024 18 /27



Total Positivity

Definition (G.-Gao-Gao '24+)

For a sequence a = (a1, ...,a,-1) € [n]""}, the tilted totally
nonnegative flag variety TNN, C F1,(R) is the set of all flags gB whose
Pliicker coordinates satisfy

Aj i (g) >0, forany ih <g, < ix <a, -+ <a, Ik, Yk

under the shifted total order <,,.
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Total Positivity

Definition (G.-Gao-Gao '24+)

For a sequence a = (a1, ...,a,-1) € [n]""}, the tilted totally
nonnegative flag variety TNN, C F1,(R) is the set of all flags gB whose
Pliicker coordinates satisfy

Aj.. i (g) >0, forany i <5, < b <a -+ <a Ik, Vk

under the shifted total order <,,.

If n=4, a=(4,3,2), then flags in TNN, satisfies:

A47 Ala A27 A3 Z 0
Aszs, Az1,Azp, Ay, Ngp, A2 >0
An34, A3y, Aog1,Azsr >0
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Total Positivity

Definition (G.-Gao-Gao '24+)

Define the TNN part of tilted Richardson cell/variety to be
T2 =T, NTNN, and 7,22 := Ty, N TNNj for any a such that
Tuv.a # 0. This definition is independent of the choice of a.
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Total Positivity

Definition (G.-Gao-Gao '24+)

Define the TNN part of tilted Richardson cell/variety to be
T2 =T, NTNN, and 7,22 := Ty, N TNNj for any a such that
Tuv.a # 0. This definition is independent of the choice of a.

Conjecture (G.-Gao-Gao '24+)

Tu>‘9 is homeomorphic to a ball.

.
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Total Positivity

Definition (G.-Gao-Gao '24+)

Define the TNN part of tilted Richardson cell/variety to be
’Tu>‘9 := Ty N TNN, and 7:,2‘9 := Ty, N TNN, for any a such that
Tuv.a # 0. This definition is independent of the choice of a.

Conjecture (G.-Gao-Gao '24+)

Tu>‘9 is homeomorphic to a ball.

Conjecture (G.-Gao-Gao '24+)
T = Uiey1oClunvl, 7;>}9 is a (regular) CW-complex.

Jiyang Gao (Harvard) Tilted Richardson Varieties Apr 2024

20 /27



Tilted R polynomial
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Tilted R polynomial

Recall the R polynomial is defined as

Ru,v(q) = #RZ,V(FQ)'

Combinatorial Invariance Problem (Lusztig '83, Dyer '87)

The Kazhdan-Lusztig R polynomial R, ,(q) depends only on the poset
structure of the strong Bruhat interval [u, v].
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Tilted R polynomial

Recall the R polynomial is defined as

Ru,v(q) = #RZ,V(FQ)'

Combinatorial Invariance Problem (Lusztig '83, Dyer '87)

The Kazhdan-Lusztig R polynomial R, ,(q) depends only on the poset
structure of the strong Bruhat interval [u, v].

The tilted R polynomial is defined as
RIN(q) = #T5,(Fq)-

We can use Deodhar decomposition to compute these polynomials.
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Tilted R polynomial

Recall the R polynomial is defined as

Ru,v(q) = #RZ,V(FQ)'

Combinatorial Invariance Problem (Lusztig '83, Dyer '87)

The Kazhdan-Lusztig R polynomial R, ,(q) depends only on the poset
structure of the strong Bruhat interval [u, v].

The tilted R polynomial is defined as
RIN(q) = #T5,(Fq)-

We can use Deodhar decomposition to compute these polynomials.

Conjecture (G.-Gao-Gao '24+)

RZ’;/\i(q) depends only on the poset structure of the tilted Bruhat interval

[u, V]g.

™ = — — S Ne
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Thank you all for listening!

Part 1: arXiv:2309.01309
Part 2: in progress
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A Simple Formula for g

Theorem (G.-Gao-Gao '23)

For u,v € S,,, the weight of any shortest path u — v in [, is qfl .. qg"_’ll,
where di = depth of the lattice path P(ulk], v[k]) formed by using

ulk] :={u1,...,ux} as upsteps and v[k] := {wv1,..., v} as downsteps.
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A Simple Formula for g

Theorem (G.-Gao-Gao '23)

For u,v € S,,, the weight of any shortest path u — v in [, is qfl e qg"_’ll,
where di = depth of the lattice path P(ulk], v[k]) formed by using
ulk] :={u1,...,ux} as upsteps and v[k] := {wv1,..., v} as downsteps.

For u = 4637521, v = 5312467 and k = 4, upsteps ulk] = {3,4,6,7} and
downsteps v[k] = {1,2,3,5}. We have dx = depth = 2.

P(ulk], v[K]) =

In total, g% = g2q393 g2 qe.
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Criteria for Ty a # ()
For a € [n], let <, be the shifted total order of [n] where

a<z,a+l<,---<gn<zl<,---<za—1.
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Criteria for Ty a # ()

For a € [n], let <, be the shifted total order of [n] where
a<z,a+l<,---<gn<zl<,---<za—1.

For I = {it <o <a ik}, J = {1 <o~ <o} € (M), wesay 1 <, Jif

im <ajm forall me [k].
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Criteria for Ty a # ()
For a € [n], let <, be the shifted total order of [n] where
a<zga+tl<z---<zgn<zl<z---<zya-—-1.
For I ={ih <, <sikhJ={1 <o <ajx} € (), wesay I <, Jif
im <ajm forall me [k].
For u,v € S, and a sequence a = (a1,...,ap-1), we say u <, v if

ulk] :==A{uw1, ..., uk} <5, v[k] for all k € [n—1].
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Criteria for Ty a # ()
For a € [n], let <, be the shifted total order of [n] where
a<zga+tl<z---<zgn<zl<z---<zya-—-1.
For I ={ih <, <sikhJ={1 <o <ajx} € (), wesay I <, Jif
im <ajm forall me [k].
For u,v € S, and a sequence a = (a1,...,ap-1), we say u <, v if

ulk] :==A{uw1, ..., uk} <5, v[k] for all k € [n—1].

Theorem (G.-Gao-Gao '23)

Tuv,a and T, 5 are nonempty <= u <, v.

Jiyang Gao (Harvard) Tilted Richardson Varieties Apr 2024 24 /27



Criteria for Ty a # ()
For a € [n], let <, be the shifted total order of [n] where
a<zga+tl<z---<zgn<zl<z---<zya-—-1.
For I ={ih <, <sikhJ={1 <o <ajx} € (), wesay I <, Jif
im <ajm forall me [k].
For u,v € S, and a sequence a = (a1,...,ap-1), we say u <, v if

ulk] :==A{uw1, ..., uk} <5, v[k] for all k € [n—1].

Theorem (G.-Gao-Gao '23)

Tuv,a and T, 5 are nonempty <= u <, v.

Theorem (G.-Gao-Gao '23)

if u <4 v, then the posets [u, v]<, = [u, V]q.

o
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Tilted Deodhar decomposition

Definition (G.-Gao-Gao '24+)
Fix a tilted reduced word v = s; s, - - - 55, of v. A tilted distinguished

subword for v is u = uy - - - uy where each uy € {1,s,,s,,sj } that follows
certain rules and their product is u. We denote u <; v.
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Tilted Deodhar decomposition

Definition (G.-Gao-Gao '24+)
Fix a tilted reduced word v = s; 5, - - - 55, of v. A tilted distinguished

subword for u is u = uy - - - up where each vy € {1,s;,,s;,,s;, } that follows
certain rules and their product is u. We denote u <; v.

Example

For u = 512346 and v = 246513, given a tilted reduced word
V = 535455515>53545352515152, there are 4 tilted distinguished subwords:

u=111111s4s35:5111 u=111s111s4s35511s>

u=s531111s354535,5111 u = s311s11535453505115>
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Tilted Deodhar decomposition

Definition (G.-Gao-Gao '24+)

Fix a tilted reduced word v = s; 5, - - - 55, of v. A tilted distinguished
subword for u is u = uy - - - up where each vy € {1,s;,,s;,,s;, } that follows
certain rules and their product is u. We denote u <; v.

For u = 512346 and v = 246513, given a tilted reduced word
V = 535455515>53545352515152, there are 4 tilted distinguished subwords:

u=111111s4s35:5111 u=111s111s4s35511s>

u=s531111s354535,5111 u = s311s11535453505115>

Theorem (G.-Gao-Gao '24+)
Tov = |_| Dy, where each D, = (C*)#1Sinu  c#sisinu

u=<v
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Tilted Schubert Variety

For w € S, and a sequence a = (a1,...,a,_1) € [n]""!, we define the
tilted Schubert cell X , as follows.
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Tilted Schubert Variety

For w € S, and a sequence a = (a1,...,a,_1) € [n]""!, we define the
tilted Schubert cell X , as follows.

Consider w = 3142(e),
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Tilted Schubert Variety

For w € S, and a sequence a = (a1,...,a,_1) € [n]""!, we define the
tilted Schubert cell X , as follows.

Consider w = 3142(e), and a = (4,4,2)(—).
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Tilted Schubert Variety

For w € S, and a sequence a = (a1,...,a,_1) € [n]"~!, we define the
tilted Schubert cell X , as follows.

Consider w = 3142(e), and a = (4,4,2)(—).

Shoot death rays rightwards and upwards (cyclically till you hit red line)
Jt 1
P
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Tilted Schubert Variety

For w € S, and a sequence a = (a1,...,a,-1) € [n]""1, we define the
tilted Schubert cell X , as follows.

Consider w = 3142(e), and a = (4,4,2)(—).

Shoot death rays rightwards and upwards (cyclically till you hit red line)
Replace dead cells with 0 and empty cells with *

0|1]0]|0|1

O|=*]0]1|2
M =

170|003

0|01 |0|4
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Tilted Schubert Variety

For w € S, and a sequence a = (a1,...,a,-1) € [n]""1, we define the
tilted Schubert cell X , as follows.

Consider w = 3142(e), and a = (4,4,2)(—).

Shoot death rays rightwards and upwards (cyclically till you hit red line)
Replace dead cells with 0 and empty cells with *

0|1]0]|0|1

O|=*]0]1|2
M =

170|003

0|01 |0|4

Define (X"%+2)° by shooting death rays downwards instead of upwards.
Define X,y 2 and X"? by taking their closures, respectively.
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Tilted Schubert Variety

Theorem (G.-Gao-Gao '23)

There exists a sequence a such that T;, = (X"?)° N X7 ,.
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Tilted Schubert Variety

Theorem (G.-Gao-Gao '23)

There exists a sequence a such that 7;, = (X“?)°N X7,

One direction in proof of dimension:

codim 7,7, < codim (X*?)° + codim X7,

# of *'s in the diagram
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Tilted Schubert Variety

Theorem (G.-Gao-Gao '23)

There exists a sequence a such that T;, = (X"?)° N X7 ,.

One direction in proof of dimension:

codim 7,7, < codim (X*?)° + codim X7,

# of *'s in the diagram

However, X}, , are worse than Schubert varieties X, since in general,
@ they do not form a stratification;
@ intersection of their closures X“? N X, a # Ty v;
@ they are not geometrically natural (can’t generalize to other Lie type);

@ their closures X,, 5 are not special cases of tilted Richardson varieties.
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