
 

A Tale of Three Matroids

GSCC 2024 CMU

Jiyang Johnny Gao

joint
w Joshua Brakensiek Manik Dhar

Sivakanth Gopi Matt Larson



Outline
Graph Rigidity Problem

Low Rank Matrix Completion
Problem

Tensor Independence Problem

Main Theorem

Current Progress and Conjectures



Graph Rigidity Problem

Let A d dim bar and joint framework is

a graph G IV E with an embedding p VG
Rd

A framework is either rigid on flexible

Thethertheframenork

E.FI t.LI Flexible can be continuously

embeddings deformed into a different
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Generic Rigidity

Note Rigidity might depend on the embedding p V61
Rd

E G If
14

mF
in 1R

3
PRI Pax

Flexible Rigid

However if the embedding is generic
then

it only depends on the underlying graph G

We say G is generically rigid in Rd



Generic Rigidity

Def G is minimally generically rigid if G is rigid

but becomes flexible after removing any edge

E
G is minimally rigid

PH Minimally rigid graphs in Rd on a vertices

Whiteley 89

Graver91
form the bases of a matroid Rigid d



Matroids Oxley'll MatroidTheory

Def A matroid M E B is a finite set E

and a collection of subsets B C2E sit

it satisfies the Basis Exchange Axiom

Ex E collection of vectors 14
itA.BÉBant

B vectors that form a basis
a c A B then beB A
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Rigidity Matroid

Q What do we know about Rigidn Id

Rank nd I

d I G is basis G is spanning tree

o_0 0 p

6 2 Laman's condition
I ELGI 2n 3

PollaczekGeininger Laman7
27 to ECG'll 21016111 3

d 3 Open
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A Generalisation Bipartite Rigidity

Def Let G AUB E be a bipartite graph
Kalai Nevo

Novak 16 A Bipartite embedding p V1
G IR IR is an

embedding that respects
the bipartite structure

i e P embeds A in IR
and B in 112

IExiBip.Embed.ir
Similarly rigid bipartitegraphs G a

matroid Biprigidman a b
I
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Matrix Completion
inf

Given a mxn matrix partially filled w generis numbers

Q Can this partial matrix be completed to rankd

d 1 Yes Can fill in

Noneed to consider edge case

9 0 since generic



More Examples of Matrix Completion

e f

Hint consider middle entryd No

d 2 Yes only need 3 3 det vanish

FI Set of partially filled mxn matrices that can be

completed to rank form the indep sets of a matroid

subsetsof
batses

MatCompmin Id



Generalizations of Matrix Completion

Matroid

m.EEtrixMatCompmint
i iie iiii
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Tensor Independence
Consider generic vectors ten he time I Irma

4 I In EV 112

Take tenson products Y.EU V 1121m
a b

Q Which vectors are IEwtoaketno.ie
linearly independent cx.in xp ERD

5 91 ya EIR
Linearmatroid Tensormina b
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Motivation for Tensor Independence

Application Tensor codes
Background Error correcting iodes

Arrayof servers
f4 talebook's
warm BLOB
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Generalizations of Tensor Independence

Tensor
Matroid

Tensor product of mn vectors
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Main Theorem

the SAME answerii.IE
i.ti

itBipRigidm.n

a b Matcompan d Tensormin a b

are the same up
to basic matroid operations

0Matn.it
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Main Theorem

Gath Biprigidmintain Rigidn't
EEIIE.IE

IEii

Matrix

completion
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Current Progress

Q Explicit Description of
matroid Tmin aib

a b small a b large
m a 3 or n b 3

a b l BDGGL 24

Graphicalmatroid of Kmin
Laman like conditions

9 1 b 1

may
t.nee.mn n

a b 2 known lases

Tropical Geometry
b

fF

Bernstein.tt p



Characteristic Dependence

The matroids in Mat Comp and Tensor questions

are dependent on characteristic of the base field IF

WhyCar CodingTheorist often work with finite
field Ifp

thm TBDG.GL 24 The matroid Tminlaib doesNot depend

on the char p in all the known case above

i e.ae ora b 2orm ae3

PI Only hard one a b 2 New proof w o tropicalgeom
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Special Thanks to Alex Postnikov and
Yibo Gao for introducing

us to the matrix completion problem



Laman Like Condition

Consider Mat Compmin a b
1mintain

Fact Ranktells us entries natmb ab

The same should hold for all submatrices

Eat If a partially filled matrix is completablethen any

submatrix have math b ab entries filled
Laman like
condition

this TBD GG L 24

The Laman like nondition is sufficient

a or bet or m aez or n b 2




