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Cohomology of Flag Varieties

Let Fl, = GL,(C)/B be the complete flag variety over C.
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Cohomology of Flag Varieties

Let Fl, = GL,(C)/B be the complete flag variety over C.

The cohomology ring H*(F1,) is a free Z-module generated by Schubert
classes {0y, : w € S,}, where o, is the cohomology class of the
Schubert variety X, .

_ w
Oy 0y = g CurvOw

weS,

Open problem

Find a combinatorial interpretation for the LR coefficients ¢, .
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Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - . ., gn-1] is
a free Z[qg]-module generated by the Schubert classes {0y, : w € S,}.

Jiyang Gao (Harvard) Tilted Richardson Varieties Dec 2023 4/25



Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - . ., gn-1] is
a free Z[qg]-module generated by the Schubert classes {0y, : w € S,}.

oyx0oy = g Cl‘j'j;,d q?o,
w,d

Here d = (dy,...,d,—1) € Z;)l and ¢? := qfl ~~~q:"_‘11.
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Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - . ., gn-1] is
a free Z[qg]-module generated by the Schubert classes {0y, : w € S,}.

Oy*x0y, = Z Cl‘j'j;,d qdaw
w,d
Here d = (dy,...,d,—1) € Z;)l and ¢? := qfl ~~~q:"_‘11.
For example, in QH*(Fl3),

0213 * 0321 = Q1 - 0231 + q1Q2 - 0123
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Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - . ., gn-1] is
a free Z[qg]-module generated by the Schubert classes {0y, : w € S,}.

Oy*x0y, = Z Cl‘j'j;,d qdaW
w,d
Here d = (dy,...,d,—1) € Z;)l and ¢? := qfl ~~~qg"_‘11.
For example, in QH*(Fl3),

0213 * 0321 = Q1 - 0231 + q1Q2 - 0123

Motivating Q: What weights g9 appear in the quantum product o, x o, ?
What is the minimal such q9?
[Fulton-Woodward '04, Postnikov '05, Buch-Chung-Li-Mihalcea '20]
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Quantum Bruhat Graph

Postnikov ('04) related all quantum degrees appearing in o, * 0y, to
weights of paths on the quantum Bruhat graph.

Definition (Brenti-Fomin-Postnikov '99)
The quantum Bruhat graph I, is a weighted directed graph on S, with
the following two types of edges:

w — wtj; of weight 1 if {(wtjj) =€(w)+1,
w — wtj; of weight g;; = q;i---qj—1  if {(wtj) = (w) — £(t;)
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Quantum Bruhat Graph

Postnikov ('04) related all quantum degrees appearing in o, * 0y, to
weights of paths on the quantum Bruhat graph.

Definition (Brenti-Fomin-Postnikov '99)

The quantum Bruhat graph I, is a weighted directed graph on S, with
the following two types of edges:

{W — wtj; of weight 1 if {(wtjj) =€(w)+1,

w — wtj; of weight g;; = q;i---qj—1  if {(wtj) = (w) — £(t;)

Theorem (Postnikov '04)

There is a unique minimal q9 that appears in o, * Owov- Such q9min js the
weight of any shortest path u — v in I,,.
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Quantum Bruhat Graph

Example (Quantum Bruhat graph I'3)

q1
231
a2

213
qr

321

g1G2

123

a
312

1

132
a2

For u = 231, v = 123, there are two shortest paths, both of which have
minimal weight g%in = g; gy, which is the minimal g that appears in

Ou* Owyy-

Jiyang Gao (Harvard) Tilted Richardson Varieties Dec 2023

6/25



A Simple Formula for g

Theorem (G.-Gao-Gao '23)

For u,v € S,, let qmin = qfl e qg”_’ll be the weight of any shortest path
u — v. Then, dx = depth of the lattice path P(ulk], v[k]) formed by using

ulk] :={u1,...,ux} as upsteps and v[k] := {wv1,..., v} as downsteps.
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A Simple Formula for g

Theorem (G.-Gao-Gao '23)

For u,v € S,, let qmin = qfl e qg”_’ll be the weight of any shortest path

u — v. Then, dx = depth of the lattice path P(ulk], v[k]) formed by using
ulk] :={u1,...,ux} as upsteps and v[k] := {wv1,..., v} as downsteps.

For u = 4637521, v = 5312467 and k = 4, upsteps ulk] = {3,4,6,7} and
downsteps v[k] = {1,2,3,5}. We have dx = depth = 2.

P(ulk], v[K]) =

In total, g% = g2q393 g2 qe.
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Tilted Bruhat Interval

Tilted bruhat intervals are “quantum analogs” of (strong) Bruhat intervals.

Definition (Brenti-Fomin-Postnikov '99)

For u,v € S,, the tilted Bruhat interval [u, v] is a partial order on the set

[u,v] :={w € S, : w lies on some shortest path u — v in I}

where two elements w < w’ if w and w’ lie on the same shortest path
which first passes w then w’ (i.e. u — w — w' — v).

il =
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Tilted Bruhat Interval

Tilted bruhat intervals are “quantum analogs” of (strong) Bruhat intervals.

Definition (Brenti-Fomin-Postnikov '99)

For u,v € S,, the tilted Bruhat interval [u, v] is a partial order on the set

[u,v] :={w € S, : w lies on some shortest path u — v in I}

where two elements w < w’ if w and w’ lie on the same shortest path
which first passes w then w’ (i.e. u — w — w' — v).

123

[231,123] = 213 321

231
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Curve Neighbourhoods (alert: geometry!!l)

Definition (Buch-Chaput-Mihalcea-Perrin '13)

For u,v € S,, and degree d = (di, ..., d,—1) the two-pointed curve
neighborhood T ;( X", X,) is the union of all degree d rational curves that
passes through both Schubert varieties X" and X, in Fl,.
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Curve Neighbourhoods (alert: geometry!!l)

Definition (Buch-Chaput-Mihalcea-Perrin '13)

For u,v € S,, and degree d = (di, ..., d,—1) the two-pointed curve
neighborhood T ;( X", X,) is the union of all degree d rational curves that
passes through both Schubert varieties X" and X, in Fl,.

This is a natural geometric object that encodes the information of
QH*(F1,). For example, its cohomology class encodes quantum products:

[rd(XuaXV)] = [qd]au * Oy € H*(Fln)
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Curve Neighbourhoods

Not much is known about I'y(X", X,) other than some special cases:
@ Ifd=1(0,...,0), Ng(X", X,) =Ry,(:= X"NX,) is the Richardson variety;
e If d=(0,...,0,1,0,...), then [4(X", X,) is a Richardson variety [L-M"13];
@ If u=id, then [y(X", X,) = X,(q) is a Schubert variety [B-M'15];
o Iy(XY X,) is empty unless d > dp;n coordinate-wise [F-W'04].
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Curve Neighbourhoods

Not much is known about I'y(X", X,) other than some special cases:
@ Ifd=1(0,...,0), Ng(X", X,) =Ry,(:= X"NX,) is the Richardson variety;
e If d=(0,...,0,1,0,...), then [4(X", X,) is a Richardson variety [L-M"13];
@ If u=id, then [y(X", X,) = X,(q) is a Schubert variety [B-M'15];
o Iy(XY X,) is empty unless d > dp;n coordinate-wise [F-W'04].

Surprisingly, we don't even know which flags gB € I'4(X", X,).
Goal: We can answer this question when d = dyjn;

We will give a combinatorial criterion using rank of submatrices of g.
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Tilted Richardson Varieties

Definition (G.-Gao-Gao '23)

For u,v € S,, we say a sequence a = (ai,...,a,-1) € [n]" L is
compatible with u, v if Yk, u[k] <,, v[k] under the shifted Gale order.

Fact: Given u, v, there exists at least one compatible sequence a, but there might
be multiple compatible sequences.

= v
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Tilted Richardson Varieties

Definition (G.-Gao-Gao '23)

For u,v € S,, we say a sequence a = (ai,...,a,-1) € [n]" L is
compatible with u, v if Yk, u[k] <,, v[k] under the shifted Gale order.

Fact: Given u, v, there exists at least one compatible sequence a, but there might
be multiple compatible sequences.

Definition (G.-Gao-Gao '23)
The tilted Richardson variety 7, , a is a subvariety of Fl, which is

— = = = SR
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Tilted Richardson Varieties

Definition (G.-Gao-Gao '23)

For u,v € S,, we say a sequence a = (ai,...,a,-1) € [n]" L is
compatible with u, v if Yk, u[k] <,, v[k] under the shifted Gale order.

Fact: Given u, v, there exists at least one compatible sequence a, but there might
be multiple compatible sequences.

Definition (G.-Gao-Gao '23)
The tilted Richardson variety 7, , a is a subvariety of Fl, which is

@ indexed by permutations u, v € S, and a compatible sequence a;

T = = — SaRet

Jiyang Gao (Harvard) Tilted Richardson Varieties Dec 2023 11/25



Tilted Richardson Varieties

Definition (G.-Gao-Gao '23)

For u,v € S,, we say a sequence a = (ai,...,a,-1) € [n]" L is
compatible with u, v if Yk, u[k] <,, v[k] under the shifted Gale order.

Fact: Given u, v, there exists at least one compatible sequence a, but there might
be multiple compatible sequences.

Definition (G.-Gao-Gao '23)
The tilted Richardson variety 7, , a is a subvariety of Fl, which is

@ indexed by permutations u, v € S, and a compatible sequence a;

o defined by some “rank conditions”:

rank of some submatrices of g

gB € 771,v,a —
< some numbers.

T = = — SaRet
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Tilted Richardson Varieties

Definition (G.-Gao-Gao '23)

For u,v € S,, we say a sequence a = (ai,...,a,-1) € [n]" L is
compatible with u, v if Yk, u[k] <,, v[k] under the shifted Gale order.

Fact: Given u, v, there exists at least one compatible sequence a, but there might
be multiple compatible sequences.

Definition (G.-Gao-Gao '23)
The tilted Richardson variety 7, , a is a subvariety of Fl, which is

@ indexed by permutations u, v € S, and a compatible sequence a;

o defined by some “rank conditions”:

rank of some submatrices of g

gB € 7L,v,a —
< some numbers.

W |

We define the tilted Richardson cell 77, , by replacing “<" with “=".

— —_ = vyt
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Tilted Richardson Varieties

Consider u = 4321(+),
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e),

° 11
x| @ |2

M =
e | « 3
* ° 4
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e), a = (4,2,2).

° 11
x| @ |2

M =
® | « 3
* ° 4
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e), a = (4,2,2). Fix k = 2.
Rank conditions of matrices in 7, a in the left k = 2 columns:

Start from the row below red line and go down:

° * |1
x| @ |2
M =
o | 3
* ° 4
k=2
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e), a = (4,2,2). Fix k = 2.
Rank conditions of matrices in 7, a in the left k = 2 columns:

Start from the row below red line and go down:

°
M =
o | *
*
k=2

Jiyang Gao (Harvard)
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® |2 rank of green
3 < #+'siin green =0
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e), a = (4,2,2). Fix k = 2.
Rank conditions of matrices in 7, a in the left k = 2 columns:

Start from the row below red line and go down:

°
M =
o | X
*
k=2
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e), a = (4,2,2). Fix k = 2.
Rank conditions of matrices in 7, a in the left k = 2 columns:

Start from the row below red line and go down:

°
M =
o | X
*
k=2
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e), a = (4,2,2). Fix k = 2.
Rank conditions of matrices in 7, a in the left k = 2 columns:

Start from the row above red line and go up:

[} * 1
M= e 2 rank of yellow
e | 3 < #e'sinyellow =1
* ° 4
k=2
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e), a = (4,2,2). Fix k = 2.
Rank conditions of matrices in 7, , 4 in the left k = 2 columns:

Start from the row above red line and go up (cyclically):

[ ] * |1
M= 02 rank of yellow
e | % 3 < #e'sinyellow =1
* ° 4
k=2
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e), a = (4,2,2). Fix k = 2.
Rank conditions of matrices in 7, , 4 in the left k = 2 columns:

Start from the row above red line and go up (cyclically):

[ ] * |1
M= 02 rank of yellow
e | 3 < #e'sin yellow =2
* ° 4
k=2
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Tilted Richardson Varieties

Consider u = 4321(+), v = 3142(e), a = (4,2,2). Fix k = 2.
Rank conditions of matrices in 7, , 4 in the left k = 2 columns:

Start from the row above red line and go up (cyclically):

° 1
M= ® |2 rank of yellow
° 3 < #e'sin yellow =2
. 4
k=2

There are 6 rank conditions for each k € {1,2,3}. In total, 18 rank
conditions for 7, y a.
Replacing “<" with “=" gives us rank conditions for 7, ,.
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Tilted Richardson Varieties

Theorem (G.-Gao-Gao '23)

Tu,v,a does not depend on the choice of a. So we denote this space as T, .
T, v.a does not depend on the choice of a. So we denote this space as T, .
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Tilted Richardson Varieties

Theorem (G.-Gao-Gao '23)

Tu,v,a does not depend on the choice of a. So we denote this space as T, .
T, v.a does not depend on the choice of a. So we denote this space as T, .

Example

Special cases:
o If u=id, Tiqg, = X, is the Schubert variety;
o If v =wp, Tiw, = X" is the opposite Schubert variety;

o Ifu<v, Ty, = Ryv(:= XN X,) is the Richardson variety,
T,y = R, is the Richardson cell.

A\,
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Main Theorem

Theorem (G.-Gao-Gao '23+)

Tu,v is equal to the curve neighbourhood I'y_. (XY, X, ).

The tilted Richardson varieties also have many nice geometric properties:
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Main Theorem

Theorem (G.-Gao-Gao '23+)

Tu,v is equal to the curve neighbourhood I'y . (X", X, ).

The tilted Richardson varieties also have many nice geometric properties:

Theorem (G.-Gao-Gao '23 '23+)

e A coordinate flag w € T, <= w € [u,V],
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Main Theorem

Theorem (G.-Gao-Gao '23+)
Tu,v is equal to the curve neighbourhood I'y . (X", X, ).

The tilted Richardson varieties also have many nice geometric properties:
Theorem (G.-Gao-Gao '23 '23+)

e A coordinate flag w € T, <= w € [u,V],
o dim(7,,) = dim(7;,) = length of the shortest path u — v in ',
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Tu,v is equal to the curve neighbourhood I'y . (X", X, ).

The tilted Richardson varieties also have many nice geometric properties:

Theorem (G.-Gao-Gao '23 '23+)
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Main Theorem

Theorem (G.-Gao-Gao '23+)
Tu,v is equal to the curve neighbourhood I'y . (X", X, ).

The tilted Richardson varieties also have many nice geometric properties:

Theorem (G.-Gao-Gao '23 '23+)
e A coordinate flag w € T, <= w € [u,V],
o dim(7,,) = dim(7;,) = length of the shortest path u — v in ',
® Tuw = Upyicium Ty
o 7:l,v - TO’V,
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Main Theorem

Theorem (G.-Gao-Gao '23+)
Tu,v is equal to the curve neighbourhood I'y . (X", X, ).

The tilted Richardson varieties also have many nice geometric properties:

Theorem (G.-Gao-Gao '23 '23+)
e A coordinate flag w € T, <= w € [u,V],
o dim(7,,) = dim(7;,) = length of the shortest path u — v in ',
® Tuy = Upyicrum Ty
® Tuv="T2
e 7, is irreducible,
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Main Theorem

Theorem (G.-Gao-Gao '23+)
Tu,v is equal to the curve neighbourhood I'y . (X", X, ).

The tilted Richardson varieties also have many nice geometric properties:

Theorem (G.-Gao-Gao '23 '23+)
e A coordinate flag w € T, <= w € [u,V],
o dim(7,,) = dim(7;,) = length of the shortest path u — v in ',

N (¢}
® Tuyv = Upeyicrum Tey:
o 7:l,v — 7:2\,,

e 7, is irreducible,

o [Tun] = [q% )0y * Twgy = 3., Citrmirow € H*(F,).
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Main Theorem

Theorem (G.-Gao-Gao '23+)
Tu,v is equal to the curve neighbourhood I'y . (X", X, ).

The tilted Richardson varieties also have many nice geometric properties:

Theorem (G.-Gao-Gao '23 '23+)
e A coordinate flag w € T, <= w € [u,V],
o dim(7,,) = dim(7;,) = length of the shortest path u — v in ',

® Tuy = Upeyicpuv Ty
) 7:,,‘, = 7; C:V,
@ 7, is irreducible, < proof idea: Deodhar decomposition

o [Tun] = [q% )0y * Twgy = 3, Citvmirow € H*(Fl,).
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Deodhar decomposition

Motivation: Given a pair of permutations v < v, the Kazhdan-Lusztig R
polynomial is defined as

Ru,v(q) = #RZ,V(FC])'
They are elementary pieces used to construct the Kazhdan-Lusztig

polynomials P, ,(q), which plays a fundamental role in representation
theory.
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Deodhar decomposition

Motivation: Given a pair of permutations v < v, the Kazhdan-Lusztig R
polynomial is defined as

Ru,v(q) = #RZ,V(FC’)'

They are elementary pieces used to construct the Kazhdan-Lusztig
polynomials P, ,(q), which plays a fundamental role in representation
theory.

Main idea: In order to understand R, ,(q), Deodhar ('85) introduced
Deodhar decomposition, which decomposes the Richardson cell R, , into
simple pieces that are isomorphic to C? x (C*)®.

|_|<c3 CP = Ruu(@) = q¢’(q-
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Deodhar decomposition

Definition (Marsh-Rietsch '03)

Fix a reduced word v = s;5;, - - - 55, of v. A distinguished subword for u
is u = uy ---uy where each uy € {1,s;,,s;, } such that

1or Siks if K(Ul 000 Uk—l) < E(ul 000 uk_ls,-k),
Uk = .
g if f(ul e uk_l) > €(u1 000 uk_]_S;k).

and their product is u. We denote u < v.
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Deodhar decomposition

Definition (Marsh-Rietsch '03)

Fix a reduced word v = s;5;, - - - 55, of v. A distinguished subword for u
is u = uy ---uy where each uy € {1,s;,,s;, } such that

1or Sik s if E(ul 000 kal) < E(ul 000 uk,ls,-k),
Uk = .
g if E(ul e uk_l) > €(u1 000 Uk_]_S,'k).

and their product is u. We denote u < v.

If v=s1sp51, there are two distinguished subwords for u = id:

u=111 u=sls
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Deodhar decomposition

Theorem (Deodhar '85, Marsh-Rietsch '03)

Royv = |_| Dyy, where each D, = (C*)#1Sinu  c#sisinu

u=<v
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Deodhar decomposition

Theorem (Deodhar '85, Marsh-Rietsch '03)

Royv = |_| Dyy, where each D, = (C*)#1Sinu  c#sisinu

u=<v

Here the Deodhar cell Dy foru=uy---uy <vis

gk = Yi. (P), if ue =1
Duv =18 =818 80 | 8 = Sit> if uy =s;, 3 /B.
8k = X,'k(mk)&‘;-f if ug = s;

Here px € C* and my € C are parameters.
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Example of Deodhar decomposition

If v=sisps1, there are two distinguished subwords for u = id:

u=111 u=-sls
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Example of Deodhar decomposition

If v=sisps1, there are two distinguished subwords for u = id:

u=111 u=-sls

1 0 O
Di11,s155 = Y1(P1)y2(p2)y1(p3) = <P1 +p 1 0) ~ (C*)>.
p2p3 p2 1

1 0 0
D51151’515251 = §1y2(p2)X1(m3)$1_1 = <m3 1 0) = (C* X (C
-p2 0 1

Rix 301 = (C*)}u(C* x C).
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Tilted Deodhar decomposition

Definition (G.-Gao-Gao '23+)

Fix a tilted reduced word v = s; s, - - - 55, of v. A tilted distinguished
subword for v is u = uy - - - uy where each uy € {1,s,,s,,sj } that follows
certain rules and their product is u. We denote u <; v.
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Tilted Deodhar decomposition

Definition (G.-Gao-Gao '23+)
Fix a tilted reduced word v = s; 5, - - - 55, of v. A tilted distinguished

subword for u is u = uy - - - up where each vy € {1,s;,,s;,,s;, } that follows
certain rules and their product is u. We denote u <; v.

Example

For u = 512346 and v = 246513, given a tilted reduced word
V = 535455515>53545352515152, there are 4 tilted distinguished subwords:

u=111111s4s35:5111 u=111s111s4s35511s>

u=s531111s354535,5111 u = s311s11535453505115>
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Tilted Deodhar decomposition

Definition (G.-Gao-Gao '23+)

Fix a tilted reduced word v = s; 5, - - - 55, of v. A tilted distinguished
subword for u is u = uy - - - up where each vy € {1,s;,,s;,,s;, } that follows
certain rules and their product is u. We denote u <; v.

For u = 512346 and v = 246513, given a tilted reduced word
V = 535455515>53545352515152, there are 4 tilted distinguished subwords:

u=111111s4s35:5111 u=111s111s4s35511s>

u=s531111s354535,5111 u = s311s11535453505115>

Theorem (G.-Gao-Gao '23+)
’772‘, = |_| Dy, where each Dy = ((C*)#TS B s iy S0

u=<v
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Why tilted Deodhar?

Reason 1: Proof of irreducibility of 7,

Theorem (G.-Gao-Gao '23+)

For any tilted reduced word v, there exists a unique positive
distinguished subword u, <; v that does not use s; . The corresponding
tilted Deodhar cell Dy, y = (C*)““) is the unique cell of maximal
dimension, and all other cells Dy have dimension < {(u, v).
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Why tilted Deodhar?

Reason 1: Proof of irreducibility of 7,

Theorem (G.-Gao-Gao '23+)

For any tilted reduced word v, there exists a unique positive
distinguished subword u, <; v that does not use s; . The corresponding
tilted Deodhar cell Dy, y = (C*)““) is the unique cell of maximal
dimension, and all other cells Dy have dimension < {(u, v).

Theorem above combined with dim( T, ) = ¢(u, v) implies

Corollary (G.-Gao-Gao '23+)

Tu,v is irreducible, and Dy, v C Ty, is a dense subset.
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Why tilted Deodhar?

Reason 2: Total Positivity

Theorem (Bjorner '84, Dyer '93)

If a poset is thin and EL-shellable, then the poset is the face poset of a
regular CW-complex.

Theorem (Brenti-Fomin-Postnikov '99)
The tilted Bruhat interval [u, v] is thin and EL-shellable.
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Why tilted Deodhar?

Reason 2: Total Positivity
Theorem (Bjorner '84, Dyer '93)

If a poset is thin and EL-shellable, then the poset is the face poset of a
regular CW-complex.

Theorem (Brenti-Fomin-Postnikov '99)
The tilted Bruhat interval [u, v] is thin and EL-shellable.

Motivating Q: Can one find a natural realization of such CW-complex?
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Why tilted Deodhar?

Definition (G.-Gao-Gao '23+)

For a sequence a = (a1,...,a,_1) € [n]"}, the tilted totally
nonnegative flag variety TNN, C F1,(R) is the set of all flags gB whose
Plucker coordinates

Ah,m,ik(g) >0, if i < < I <z <a ix, Vk

under the shifted total order <, .
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Why tilted Deodhar?

Definition (G.-Gao-Gao '23+)

For a sequence a = (a1,...,a,_1) € [n]"}, the tilted totally
nonnegative flag variety TNN, C F1,(R) is the set of all flags gB whose
Plucker coordinates

Ah,m,ik(g) >0, if i < < I <z <a ix, Vk

under the shifted total order <, .

If n=4, a=(4,3,2), then flags in TNN, satisfies:

Ay, A1,A2,A3 >0
Aszs, Az1, A3z, Ay, Ngp, A1 >0
An34, A3y, Aog1,Azs; >0

_—— == - ~
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Why tilted Deodhar?

Definition (G.-Gao-Gao '23+)

Define the TNN part of tilted Richardson cell /variety to be
20 = Tew NTNN, and 7,22 := Ty, N TNN, for any compatible

sequence a. This definition is independent of the choice of a.
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Why tilted Deodhar?

Definition (G.-Gao-Gao '23+)

Define the TNN part of tilted Richardson cell /variety to be
70 = T2, N'TNN, and 720 := 7, N TNN, for any compatible

u,v

sequence a. This definition is independent of the choice of a.

Conjecture (G.-Gao-Gao '23+)

> 5 .
uo’;/_O is homeomorphic to a ball.
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Why tilted Deodhar?

Definition (G.-Gao-Gao '23+)

Define the TNN part of tilted Richardson cell /variety to be
u‘fq,zo =T, N TNN, and 7;2‘,0 := Tuv N TNN, for any compatible

sequence a. This definition is independent of the choice of a.

Conjecture (G.-Gao-Gao '23+)
>0

9=

uo,v is homeomorphic to a ball.

Conjecture (G.-Gao-Gao '23+)

720 = Upeyicum o 170 is a (regular) CW-complex.
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Why tilted Deodhar?

Reason 3: Tilted R polynomial
Given a pair of permutations, the tilted R polynomial is defined as

RIV(a) = #T5, (Fq)-

We can use tilted Deodhar decomposition to compute these polynomials.
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Why tilted Deodhar?

Reason 3: Tilted R polynomial
Given a pair of permutations, the tilted R polynomial is defined as

RIV(a) = #T5, (Fq)-

We can use tilted Deodhar decomposition to compute these polynomials.

Combinatorial Invariance Problem (Lusztig '83, Dyer '87)

The Kazhdan-Lusztig R polynomial R, ,(q) depends only on the poset
structure of the strong Bruhat interval [u, v].
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Why tilted Deodhar?

Reason 3: Tilted R polynomial
Given a pair of permutations, the tilted R polynomial is defined as

RE,I\t/(q) = #Tf,v(Fq)-
We can use tilted Deodhar decomposition to compute these polynomials.

Combinatorial Invariance Problem (Lusztig '83, Dyer '87)

The Kazhdan-Lusztig R polynomial R, ,(q) depends only on the poset
structure of the strong Bruhat interval [u, v].

\

Conjecture (G.-Gao-Gao '23+)

RE’;’\f(q) depends only on the poset structure of the tilted Bruhat interval
[u, v].
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Thank you all for listening!

Part 1: arXiv:2309.01309
Part 2: in progress
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