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Outline

@ Background: quantum cohomology of the flag variety and two-point
curve neighbourhoods.

Quantum Bruhat graphs and tilted Bruhat intervals.

Tilted Richardson varieties.

Tilted Deodhar decomposition and tilted R polynomials.
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The Flag Variety

Definition

A complete flag Fe = (Fo, F1,...,Fpn) in C" is a nested sequence of vector
spaces {0} = Fp C F1 C --- C F, = C" such that dim(F;) = i for
i=0,1,...,n.

The complete flag variety Fl, is the collection of all complete flags in C".
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The Flag Variety

Definition

A complete flag Fe = (Fo, F1,...,Fpn) in C" is a nested sequence of vector
spaces {0} = Fo € F1 € --- C F, = C" such that dim(F;) = i for
i=0,1,...,n.

The complete flag variety F1, is the collection of all complete flags in C".

A complete flag F, can be represented by an n x n invertible matrix

Mg= |vi va --- v,| where F; =span(vi,...,v;).

Two invertible matrices M, M’ represent the same complete flag F, if and
only if M' = Mb for some upper-triangular matrix b € GL,,.
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The Flag Variety

Definition

A complete flag Fe = (Fo, F1,...,Fpn) in C" is a nested sequence of vector
spaces {0} = Fo € F1 € --- C F, = C" such that dim(F;) = i for
i=0,1,...,n.

The complete flag variety F1, is the collection of all complete flags in C".

A complete flag F, can be represented by an n x n invertible matrix

Mg= |vi va --- v,| where F; =span(vi,...,v;).

Two invertible matrices M, M’ represent the same complete flag F, if and
only if M' = Mb for some upper-triangular matrix b € GL,,.

Proposition

Fl, = GL,/B, where B is the Borel subgroup of all upper-triangular
matrices.
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Cohomology of Flag Varieties

The cohomology ring H*(F1,) is a free Z-module generated by the
Schubert classes {0y, : w € S}, where 0, is the cohomology class of the
Schubert variety X,, := BwB/B.

Schubert Calculus problem

Find a combinatorial interpretation for ¢, in the expansion

u,v
P w
Oy 0y = Zwes,, cow-

Here ¢, counts intersection multiplicity of Schubert varieties

Xus Xy, Xwow, in general position.
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Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - .., gn-1] is
a free Z[q]-module generated by the Schubert classes {0y, : w € S,}.

d
Oy*x0y = Z <O'ua JV7UW0W>d q ow
weS,
Here d = (d 775t and ... gdn )
= Tyenns nl)e >0 an q _ql'“qnfl'
Similar to ¢, the Gromov-Witten invariant (Ouy Oy, Owew)d counts the

number of degree d rational curves passing through Schubert varieties
Xus Xvs Xuwow: IN general position.
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Quantum Cohomology of Flag Varieties

The quantum cohomology ring QH*(F1,) = H*(Fl,) ®z Z[q1, - .., gn-1] is
a free Z[q]-module generated by the Schubert classes {0y, : w € S,}.

d
Oy*x0y = § <UU;JV7JW0W>dq Ow

weS,
Here d = (d ) € 771 and 1 dh—1
= (d,...,dn1 >p an q =dqy - 4qy_q -
Similar to ¢, the Gromov-Witten invariant (Ouy Oy, Owew)d counts the

number of degree d rational curves passing through Schubert varieties
Xus Xvs Xuwow: IN general position.

Motivating Q: What weights q9 appear in the quantum product Ou*Owyy?

What is the minimal such q9?
[Fulton-Woodward '04, Postnikov '05, Buch-Chung-Li-Mihalcea '20,
Shifler '22]
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Curve Neighbourhoods

Besides counting the number of degree d rational curves, it is also natural
to study the geometry of the union of all such curves.

Definition (Buch-Chaput-Mihalcea-Perrin '13)

For permutations u, v, the two-point curve neighborhood I'y(X", X, ) is
the union of degree d rational curves that passes through both Schubert
varieties XY and X, in Fl,.

Fact: [rd(XUaXv)] = [qd]ou * Oygv € H*(Fln)
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Curve Neighbourhoods

Besides counting the number of degree d rational curves, it is also natural
to study the geometry of the union of all such curves.

Definition (Buch-Chaput-Mihalcea-Perrin '13)

For permutations u, v, the two-point curve neighborhood I'y(X", X, ) is
the union of degree d rational curves that passes through both Schubert
varieties XY and X, in Fl,.

Fact: [rd(XUaXv)] = [qd]au * Owgy € H*(Fln)
Goal: Give a concrete description of Iy . (XY, X)) in the minimal degree.
In other words, which flags Fe € I'4(X", X,)?
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Quantum Bruhat Graph

Postnikov ('04) related all quantum degrees appearing in o, * 0y, to
weights of paths on the quantum Bruhat graph.

Definition (Brenti-Fomin-Postnikov '99)
The quantum Bruhat graph I, is a weighted directed graph on S, with
the following two types of edges:

w — wtj; of weight 1 if {(wtj) =l(w) + 1,
w — wtjj of weight q;; == q;i---qj—1 if {(wtj) =10
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Quantum Bruhat Graph

Postnikov ('04) related all quantum degrees appearing in o, * 0y, to
weights of paths on the quantum Bruhat graph.

Definition (Brenti-Fomin-Postnikov '99)

The quantum Bruhat graph I, is a weighted directed graph on S, with
the following two types of edges:

w — wtj; of weight 1 if {(wtj) = {(w) +
w — wtjj of weight g;j :=q;i---qj—1  if {(wtj) = (w) + 1 —2(—1)

Theorem (Postnikov '04)

There is a unique minimal q9 that appears in o, * Owyv- Such q? is the
weight of any shortest path in quantum Bruhat graph from u to v.
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Quantum Bruhat Graph

Example (Quantum Bruhat graph I'3)

= =

r 7
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Quantum Bruhat Graph

Example (Quantum Bruhat graph I'3)

For u = 231, v = 123, there are two shortest paths, both of which have
minimal weight qi» = g1 g, which is the minimal g9 that appears in
&gy 5 oy

T =
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Tilted Bruhat Order

Definition (Brenti-Fomin-Postnikov '99)

For a permutation w € S,,, define the tilted Bruhat order D,, to be the
graded partial order “<,,” on S, such that u <,, v if there is a shortest
path from w to v on quantum Bruhat graph passing through u.

Equivalently, let ¢(u, v) be the length of the shortest path on quantum
Bruhat graph, then

u<yv <= Uw,u)+lu,v)="L0w,v).
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Tilted Bruhat Order

Definition (Brenti-Fomin-Postnikov '99)

For a permutation w € S,,, define the tilted Bruhat order D,, to be the
graded partial order “<,,” on S, such that u <,, v if there is a shortest
path from w to v on quantum Bruhat graph passing through u.

Equivalently, let ¢(u, v) be the length of the shortest path on quantum
Bruhat graph, then

u<yv <= Uw,u)+lu,v)="L0w,v).
213 321

123 312

132
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Tilted Bruhat Intervals

For u <,, v, define the tilted Bruhat interval
[u,v]lw == {x € Sp:u<y x <y v}

In particular, [u, v], is independent of w as long as u <,, v. So we will
choose w = u and denote the interval as [u, v].
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Tilted Bruhat Intervals

For u <,, v, define the tilted Bruhat interval
[u,v]lw == {x € Sp:u<y x <y v}

In particular, [u, v], is independent of w as long as u <,, v. So we will
choose w = u and denote the interval as [u, v].

Theorem (G.-Gao-Gao '23)

The set of T-fixed points (flags represented by permutation matrix) on
g, (XY, X,) is the tilted Bruhat interval [u, v].
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Schubert Varieties in terms of rank

Given matrix M, denote rk,SJW(M) := the rank of the / x j submatrix in
the south-west corner of M.
For permutation v = 3142, the rank matrix

0100 12 3 4
oo o sw, . |11 23
v=1100 0> ®M=11 1,5
0010 001 1

Jiyang Gao (Harvard) Quantum Bruhat graphs and tilted Richardsol Nov 2023 11/27



Schubert Varieties in terms of rank

Given matrix M, denote rk,SJW(M) := the rank of the / x j submatrix in
the south-west corner of M.
For permutation v = 3142, the rank matrix

0100 12 3 4
loo o1 sw, . |11 23
v=1100 0> ®M=11 1,5
0010 001 1

Definition

Let v € S, be a permutation. The corresponding Schubert variety/cell is
X, = {M € GLy [k} (M) < 1k?1V(v) ¢ /B,
X == M € GLytk?}¥ (M) = 1k7}Y (v) { /B.

If replace south-west (SW) with north-west (NW), we obtain opposite
Schubert variety/cell X" and (X")°.
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Richardson Varieties

For each u < v in strong Bruhat order, the Richardson variety/cell are
subvarieties of Fl,, defined as R,,, = X“ N X, and R}, = (X")° N X7.

In terms of rank,

T
Ruy = {l\// e GL,
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Tilted Richardson Varieties

Definition (G.-Gao-Gao '23)
For u,v € S, and a sequence a = (ay, ..., ap—1) such that u[k] <,, v[k],
we define the tilted Richardson variety as

a,NW a,N\W

kM (M) < ol (u)} .

Tova:=MeGL,
o { W (M) < 1Y (v)

We define the tilted Richardson cell 77, , by replacing “<" with “=".
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Example of Tilted Richardson Varieties

Consider u = 4321, v = 3142. We can choose a = (4,4, 2).

Example: j =2 ° *

ks (M) <1
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Example of Tilted Richardson Varieties

Consider u = 4321, v = 3142. We can choose a = (4,4, 2).

Example: j =2 ° *

kg3 (M) < 1
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Example of Tilted Richardson Varieties

Consider u = 4321, v = 3142. We can choose a = (4,4, 2).

Example: j =2 ° *

k33" (M) <2
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Example of Tilted Richardson Varieties

Consider u = 4321, v = 3142. We can choose a = (4,4, 2).

Example: j =2 ° *

k(M) < 1
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Example of Tilted Richardson Varieties

Consider u = 4321, v = 3142. We can choose a = (4,4, 2).

Example: j =2 ° *

ks (M) < 1

Theorem (G.-Gao-Gao '23)

Tu,v,a does not depend on the choice of a. So we denote this space as T, .
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Example of Tilted Richardson Varieties

Consider u = 4321, v = 3142. We can choose a = (4,4, 2).

Example: j =2 °

ks (M) < 1

Theorem (G.-Gao-Gao '23)

If u < v in strong Bruhat order, and we choose a = (1,1...,1), we
recover the Richardson variety 7, , = Ry v.

i = = et

=
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Main Theorem

Theorem (G.-Gao-Gao '23)

7:l,v = rdm,-n(Xu7 XV)
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Main Theorem

Theorem (G.-Gao-Gao '23)

7:1,v = rdm,-n(Xu7 XV)

The tilted Richardson varieties also have many nice geometric properties:

Theorem (G.-Gao-Gao '23)
® 7, is T-invariant and a T-fixed point x € T,, <= x € [u, V],
® Tuwv = Upeyrcrum Ty
o dim(7,,y) = dim(77,) = length of shortest path from u to v on 'y,
@ 7, is irreducible,

o [77./,v] = [qdmin]au * Owov = ZW<UUaUWOV7UW0W>dm;nUW € H*(Fln)
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Deodhar decomposition

Motivation: Given a pair of permutations v < v, the Kazhdan-Lusztig R
polynomial is defined as

Ru,v(q) = #RZ,V(Fq)'
They are elementary pieces used to construct the Kazhdan-Lusztig

polynomials P, ,(q), which plays a fundamental role in representation
theory.
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Deodhar decomposition

Motivation: Given a pair of permutations v < v, the Kazhdan-Lusztig R
polynomial is defined as

Ru,v(q) = #RZ,V(FC])'
They are elementary pieces used to construct the Kazhdan-Lusztig

polynomials P, ,(q), which plays a fundamental role in representation
theory.

Main idea: In order to understand R, ,(q), Deodhar ('85) introduced
Deodhar decomposition, which decomposes R, , into simple pieces that
are isomorphic to C? x (C*)®.

|_|<c3 CP = Ruu(@) = q¢’(q-
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Deodhar decomposition

Definition (Marsh-Rietsch '03)

Fix a reduced word v = s;; s, -

--s;, of v. A distinguished subword for u is
u = uy - - up where each vy € {1,s;,,s;, } such that

1or Sik s if K(Ul 000 kal) < E(ul 000 uk,ls,-k),
Uk = .
g if f(ul e uk_l) > €(u1 000 Uk_]_S,'k).

and their product is u. We denote u < v.

If v=s1sp51, there are two distinguished subwords for u = id:

u=111 u=sls
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Deodhar decomposition

For any distinguished subword u = uy - - - uy < v, define the Deodhar cell

Du,v = {g1g2' 8 B}/B C Fl,

where each gy is an n X n matrix given by
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Deodhar decomposition

For any distinguished subword u = uy - - - uy < v, define the Deodhar cell

Du,v = {g1g2' 8 B}/B C Fl,

where each gy is an n X n matrix given by

1 .
(bik( 0)7p7é07 'fuk:]-a
p 1
0 -1 .
8k = { Pi <1 O>’ if uk = sj,.,
-m 1
?i ( ), if ug =s;j,.
7"\ -1 0 g
1 0
2 b embeds into the it" and (i+1)
Here ¢; (c d) = b row/column of the identity ma-
c d trix.

0 .
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Deodhar decomposition

Theorem (Deodhar '85)

Rov = |_| Dy, where each Dy = (C*)#lys B0 o (@i S0

u=<v
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Deodhar decomposition

Theorem (Deodhar '85)

Rov = |_| Dy, where each Dy = (C*)#r5 B0 o (@i S0

u=<v

If v=s1sps1, there are two distinguished subwords for u = id:
u=111 u=sls

D111,515251 =
1 00 1 0 0 1 0O 1 0 0
pr 1 of[o 1 of[p 1 0)=(pm+p 1 0]=(C.
0 0 1 0 P2 1 0 0 1 P2p3 P2 1

DS]_ 151 ,515251 =

0 -1 0 1 0 0 -m3 1 0 1 00
1 0 O 0 1 0O -1 0 0)=|-m 1 0]=C*xC.
0 0 1 0 p 1 0 01 -p> 0 1
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Deodhar decomposition (proof idea)

The proof of Deodhar decoposition uses a key recursion:

Proposition (Deodhar '85)

For any simple transposition s; such that vs; < v, there are canonical
isomorphisms

o .

o Rus,-,vs,-> if us; < u,

R; s X C*URS x C, ifus;> u.
b 1

us;,vs;j

We can induct on ¢(u) and iteratively construct the decomposition.
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Deodhar decomposition (proof idea)

The proof of Deodhar decoposition uses a key recursion:

Proposition (G.-Gao-Gao '23)

For any simple transposition s; such that there exists sequence a where
u<av, vsi <a vV, and aj_1 = a; = ajy1, there are canonical isomorphisms

)

(] 5 .
To o 7:,51,’\,51,, if us; <a u,
u,v — .
Tovs; X C U Tg vs X C, if us; >a u.

The tilted version serves as a building block for a Deodhar-like
decomposition for 77, .
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Tilted Deodhar decomposition

Definition (G.-Gao-Gao '23)

Fix a tilted reduced word v = s; s, - - - s, of v. A tilted distinguished
subword for u is u = uy - - - up where each vy € {1,s;,s;,,s;, } that follows
certain rules and their product is u. We denote u <; v.

Example

For u = 512346 and v = 246513, given a tilted reduced word
V = 535455515>53545352515152, there are 4 tilted distinguished subwords:

u=111111s4s35>5111 u=111s;11s4s35:5115>

u=s31111s355355111 u = s3lls;1s3s4535:511s)>
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Tilted Deodhar decomposition

For any u = uy - - - uy <; v, define the tilted Deodhar cell

Du,v = {gng’ 8 B}/B C Fl,

where
bi (1 S)»P #0, ifu=1, |9 <—r1n (1)>, if ux =sj,,
p _
8k =
0 -1 . 0 1 .
Piy (1 0 )7 if ux = s, | i, <1 0>, if ug = s;, .

Theorem (G.-Gao-Gao '23)

Tow = u Duy, where each D, = (C*)#1sinu s c#sisinu

u=<v
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Why tilted Deodhar?

Reason 1: Proof of irreducibility of 7,

Theorem (G.-Gao-Gao '23)

For any pair of permutations u, v, given a tilted reduced word v, there
exists a unique subword ug <; v that does not use s; , called the positive
distinguished subword. The corresponding tilted Deodhar cell

Duyv = (C*)X:¥) js the unique cell of maximal dimension, and all other
cells D, have dimension < {(u,v).
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Why tilted Deodhar?

Reason 1: Proof of irreducibility of 7,

Theorem (G.-Gao-Gao '23)

For any pair of permutations u, v, given a tilted reduced word v, there
exists a unique subword ug <; v that does not use s; , called the positive
distinguished subword. The corresponding tilted Deodhar cell

Duyv = (C*)X:¥) js the unique cell of maximal dimension, and all other
cells D, have dimension < {(u,v).

Corollary (G.-Gao-Gao '23)

Tu,v is irreducible, and Dy, C Ty, is a dense subset.
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Why tilted Deodhar?

Reason 2: Total Positivity

Theorem (Bjorner '84, Dyer '93)

If a poset is thin and EL-shellable, then the poset is the face poset of a
regular CW-complex. In particular, the strong Bruhat order is thin and
EL-shellable.
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Why tilted Deodhar?

Reason 2: Total Positivity

Theorem (Bjorner '84, Dyer '93)

If a poset is thin and EL-shellable, then the poset is the face poset of a
regular CW-complex. In particular, the strong Bruhat order is thin and
EL-shellable.

Motivating Q: Can one find a natural realization of such CW-complex?

Answer: Totally Nonnegative Flag Variety F12° = F1°, where F1>°
contain complete flags represented by TNN matrices (matrices with
nonnegative minors).
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Why tilted Deodhar?

Theorem (Marsh-Rietsch '03)

£(v)—£(u)
>0 )

0, otherwise.

if u = ug unique positive subword,

Jiyang Gao (Harvard) Quantum Bruhat graphs and tilted Richardsol Nov 2023 25 /27



Why tilted Deodhar?

Theorem (Marsh-Rietsch '03)

£(v)—£(u
R4,

0, otherwise.

if u = ug unique positive subword
Dyy NFI20 = { 0 Hnate p ’

Corollary (Rietsch-Williams '08)

RS, NF120 = Ri(g)_g(u), in particular they form a CW-complex.

A,
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Why tilted Deodhar?

Theorem (Marsh-Rietsch '03)

£(v)—£(u
R4,

0, otherwise.

if u = ug unique positive subword
Dyy NFI20 = { 0 Hnate p ’

Corollary (Rietsch-Williams '08)

RS, NFIZ0 Ri(g)_e("), in particular they form a CW-complex.

Theorem (Galashin-Karp-Lam '21)
This is a regular CW-complex.

Q: Since Brenti-Fomin-Postnikov '99 proved that tilted Bruhat intervals

are thin and EL-shellable, can we develop a similar story using 7, and
tilted Deodhar decomposition?
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Tilted R polynomial

Given a pair of permutations, the tilted R polynomial is defined as
Ri(q) == #T, (Fq).

We can use tilted Deodhar decomposition to compute these polynomials.
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Tilted R polynomial

Given a pair of permutations, the tilted R polynomial is defined as
Ri(q) == #T, (Fq).

We can use tilted Deodhar decomposition to compute these polynomials.

Combinatorial Invariance Problem (Lusztig '83, Dyer '87)

The Kazhdan-Lusztig polynomial P, ,(q) depends only on the poset
structure of [u, v].

This can be implied by the combinatorial invariance of R polynomials.

Conjecture (G.-Gao-Gao '23)

R:"(q) depends only on the poset structure of tilted Bruhat interval [u, v].

Jiyang Gao (Harvard) Quantum Bruhat graphs and tilted Richardsol Nov 2023 26 /27



Thank you all for listening!
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