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Graph G v E connected undirected no self loop

parallel edges a ok

III
Laplacian matrix LIG nxn integermatrix

n V

G
in

degali if i j

I edges i j if it

1 2 34
singular
matrix

E L EI 4 2 1 1

242
4 T eker La

4 2

I 1 1 2 4



Sandpilegroup

Consider 2 z

We define the sandpile group
K G as

the torrent of Ella
Ker CG 21 Fact If G is

connected
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Equivalently one can compute KCG by

putting G into a smithnoralform SNF
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Then KCG I Z di Z
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K G I 2 32 2 1221
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KCG is an important graph invariant

For example K G spanning trees in G

Khirkoff's matrix tree

Th m

We want to know notonly the size but the

abelian gp structure
of K G
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Kca is only known for certain special graphs

e.g complete graph kn Cycle wheelgraphsetc

not even known for HEY of talktoday

hypercube

M vina un e t that is
closed under

inversion i.e ve M e v EM

with same multiplicity

The Cayley graph G T M has

vertices K T

edges E g
I v g in n
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Note If g vig then vig g
View them as one edge

Gct M is undirected

E T Ifi m f 91
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G Gct m i i

di

EI Hypercube graph An G Ifi In

is an example of a Cayley graph

of IFS



What do we know about K G Ifi M

Tha t Bai 023 If we know the eigenvalues of

GIFT M givenby 6 77 EXue Tar

Then Syl KG Film Sylp 2 7 z

for any prime p 2
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In fact the eigenvalues eigenbasis

of 4611ft m

are well understood

They are labelled by elements ne Ifi

eigenbasis fu Z H er
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So we know Sylp Kcal for all p 2

But Syl K G1 is wide open

Ikea

fed
in two statistics

The number of Sylow 2 components

d M I m e

powers of 2

The top Sylow 2 factor V2Cma

whereCmx is the maximum cyclic factor

of K IG Ifi M
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L II I 214 1
Ks I 28

fighters

Think d m 27 if Env to
Mis generic

Thing If in is not generis i.e Inv 0

Then d m 2

Third Cma can be determined by the

following process

I Draw a hypercube Or



write In on the vertices of Qr

except u f since Xi o

a Record the average of Ian's on

all faces of An with cod in 32

that pass through

3 It

all facets cod.mil of Ar

Il t then multiplyby 2

14 Caray is the common
denominator

of all the numbers above
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Caray is common denominator

kettle i
Max 12

Note This is compatible with Thmo

about Sylp why

Thmy when G On hypercube the number

Canax is calculatable

Vz Cmx
Max at Vala Avala 1
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4 key tehniques

Induction on Quotient of Cayley

Graphs Iga Yuen et al sat

For proof of them 2

Def Given Cayley graph G Tim

and a normal subgp Uct s t

Uh M d the quotient Cayley

graph Glu G Ma M has

vertices sosets of U

edges gu right view
gu coset



Thy Any Cayley graph G III M is

a quotient of the hypercube On

G Ifi M E On Ken M
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Idea Induction

G Quotient of G



Ring structure on Z to K G

Anais Prasad 16 for proof of Thin 1.3.4

Although 20 KG coker a is a

group there is a canonical ring

structure on it if G is a Cayley

Graph of it

Ed G II M T 9 249124

We can model 214 as 24 at xi xi i
k

2 basis I Xi Xz Nz

Multiplication by Lca Multiplication by
4 2x Xz Xia



Z KG I ZTX.NL xi yxEy4 2x xa xixz

Help us applytechniques such as finding

a Grabner basis

Sn Symmetricity on 20 K On

For proof of Them4

20 Kan Zhi an xp i ni I Xi Xu h

I

stable under permutation of variables Xi xu

s Pastlituatureandfuturedinestions

Pa

I p ape components in Syle IKCon
Bai 102



2 Smithnormal form of A On
d

adj matrix

sometimes called the smithgp of an

Chandler Sin Xiang 157

Futmedirection

a More info of Syl K IG IIE M

or Syl Kean

2 Generalize to Cayley graphsof other

abelian groups T e.g Its


