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The Biprojective Space P! x P!

Definition

The biprojective space P! x P! is the set of equivalence classes:

P! x P := {((ao, 1), (bo, b1)) € C? x C2|, G&:1)2 0D '3/~

x~Yy < z=\y, where z,y € P}, A\ € C*

e Z%-graded Cox ring S = C[xo, 21, Yo, ¥1]

o deg(z;) = (1,0),deg(y:) = (0,1)
ex. x%yo + xoz1y1 has degree (2,1).
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The Biprojective Space P! x P!

Definition

The biprojective space P! x P! is the set of equivalence classes:

P! x P := {((ao, 1), (bo, b1)) € C? x C2|, G&:1)2 0D '3/~

x~Yy < z=\y, where z,y € P}, A\ € C*

e Z%-graded Cox ring S = C[xo, 21, Yo, ¥1]
e deg(z;) = (1,0),deg(y;) = (0,1)
ex. x%yo + xoz1y1 has degree (2,1).
e Irrelevant ideal: B = (zg,x1) N (yo,y1) <> V(B) =10
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Virtual Resolutions

While free resolutions encode geometry in projective spaces...

Definition (Berkesch-Erman-Smith, 2017)

A virtual resolution for an ideal I in the biprojective space
P! x P! is a free complex:

0+— IS8 & R E

such that
e [ are free modules for 7 > 0

e ann (%) D B!

e im(py): B® =1:B* where [:J={se S|sJCI}
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Virtual Complete Intersection

Definition

The variety of an ideal I of points in P! x P! is a virtual
complete intersection (VCI) if I has a short virtual
resolution that is a Koszul complex:

Sl 82+ S+ 0

In particular, V(I) =V (f) NV (g).

Idea: I has two generators.

V(l‘ol‘l

I(X) = (w071, Yoy1)

V(yoy1)
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VCI Example

4
]

Minimal Virtual Resolution: S! + S2 < S« 0

Minimal Free Resolution: S + S6 «+ S8 « 83+ 0

Is in P! x P!
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Generalized Bézout’s Theorem

Theorem

Let f,g € k[xo,x1,Y0,y1] be bihomogeneous forms. If f and g
have multidegree (a,b) and (c,d), then |V (f) NV (g)| = ad + be

counting multiplicities.

Red: zoz1(yo —y1): (2,1)
Blue:(zg — z1)yoy1: (1,2)
1-1+42-2=5 points.
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Our Main Results

Let X be a set of points in P! x P

e FExistence Case
e Non existence case

e Further conditions on VClIs.

Is in P! x P!
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VCI Existence Cases

Conditions on VCIs

If X has the same number (n) of points in each nonempty
vertical (or each horizontal) ruling, it is a VCL

e Idea: Use Lagrangian interpolation ¢

Is in P! x P!
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VCI Existence Cases

Conditions on VCIs

If X has the same number (n) of points in each nonempty
vertical (or each horizontal) ruling, it is a VCL

e Idea: Use Lagrangian interpolation
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VCI Non-existence Cases

Ov

VCI Existence Cases
VCI Non-Existence
Conditions on VCIs

Key invariants
e m: max. number of points
on a horizontal ruling
e n: max. number of points
on a vertical ruling
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VCI Non-existence Cases

Key invariants

e m: max. number of points
on a horizontal ruling

e n: max. number of points
on a vertical ruling

If | X| < mn, and there is at least one point in X that is on a
horizontal ruling with m points and a vertical ruling with n
points, then X is not a VCIL.

Is in P! x P!
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Determination of VCIs Conditions on VCIs

VCI Non-existence Cases

Key invariants

e m: max. number of points
on a horizontal ruling

e n: max. number of points
on a vertical ruling

If | X| < mn, and there is at least one point in X that is on a
horizontal ruling with m points and a vertical ruling with n
points, then X is not a VCIL.

Proof idea: Bounding with Bézout’s Theorem
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Conditions on VClIs

Setup: f: (a,b)-form, g: (¢,d)-form, X = V(F)NV(g).

< m points collinear horizontally, < n vertically

Theorem

Let X be a VCI with | X| < mn.

e f has degree (m,n) and g has vertical and horizontal
components exactly on rulings with m and n points

e ged(m,n) divides | X|
o Ifged(m,n) =1: g has degree:

(n~YX| modm, m![X| modn)
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When values of coordinates matter...

Configuration does not always determine whether a set of
points is a VCI. For instance,

(39
(33)
° (3.2
(0,1),(1,1)
(0,0)
In general, not a VCI. Red:(2,1); Blue:(2,2).
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When values of coordinates matter...

Configuration does not always determine whether a set of
points is a VCI. For instance,

(34
(3,3)
(3,2
(0,1),(1,1)
(0,0)

In general, not a VCI. Red:(2,1); Blue:(2,2).
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When values of coordinates matter...

Configuration does not always determine whether a set of
points is a VCI. For instance,

(39
(5,3)
X (3,2)
(0,1),(1,1)
(0,0)
In general, not a VCI. Red:(2,1); Blue:(2,2).
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